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Abstract: Our aim is to express the mathematical journey of
Professor B.G. Pachpatte in brief. We also highlight the results
investigated by him and its applications in solving many important

1. INTRODUCTION AND BRIEF
HISTORY :

Prof. B.G. Pachpatte was born on 21"
Nov. 1943 in a small village Mudgad (Achoji)
situated near Killari, earthquake prone area, Tq.
Nilanga in Latur district of Marathwada region,
where primary education was not available
during those days. Pachpatte had to walk every
day for school to another village Kokalgaon for
five years. He studied from eight standard to
B.Sc second year at another small town Omerga.
He completed B.Sc honours and M.Sc in
Mathematics at Aurangabad in 1966. He had a
first class through out. After completion of M.Sc
he immediately joined as a lecturer at Deogiri
College, Aurangabad till 1977. He received
Ph.D. in 1972 under the able guidance of Prof.
S.G.Deo from Marathwada University. He
joined the University Department in 1977 as
Professor. Because of his studious nature, hard
working capacity and keen interest in research,
15 students received Ph.D. under his guidance.
He was a visiting Professor in the University of
Texas at Arlington, U.S.A. under Indo-
American fellowship during the year 1980-81.
He retired from service in 2003 as Professor in
Mathematics. He was a U.G.C. National
Professor for one year and the Govt. of
Maharashtra honored him as an Ideal University
Teacher in 2003. He had published more than
577 papers in the reputed journals. He
established his identity as Mathematician in

USA and as honor he has taken on the editorial
boards of internationally renowned journals
such as Journal of Mathematical Analysis and
Applications, Journal of Nonlinear Analysis :
Theory, Methods and Applications, Octogan
Mathematical Magazine (Romania), Australian
Journal of Mathematical Analysis and
Applications, Journal of Inequalities in Pure and
Applied Mathematics (Australia),
Mathematical Inequalities and Applications
(Croatia), Differential Equations & Dynamical
Systems (India), World Mathematical Reviews
(Korea). His fields of interest includes:
Mathematical Analysis and Applications,
Analytic Inequalities, Ordinary and Partial
Differential Equations, Integral Equations and
Inequalities, Finite Difference Inequalities and
Stochastic Analysis and Applications etc. He
published five monographs which are:

1. Inequalities for Differential and Integral
Equations, Academic press, New York,
1998.

2. Inequalities for finite Difference
Equations, Marcel Dekker, Inc., New
York,2002.

3. Mathematical Inequalities, North-
Holland Mathematical Library, Vol. 67,
Elsevier Science, B.V., Amsterdam,
2005.

4. Integral and Finite Difference Inequalities
and Applications, North-Holland
Mathematics Studies, Vol. 2005, Elsevier
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Science B.V. Amsterdam, 2006.

5. Multidimensional, Integral Equations and
Inequalities, Atlantis Studies in
Mathematics for Engineer and
Science—2011, Volume 9.

6. Advances in Some Analytic Inequalities
(inpress).

Most of the results investigated by him
are fundamental in respective fields. Many
results given by him are used as tools by various
researchers all over the world. Many of the ideas
involved in his work are new and will encourage
further research and widen the scope of their
applications. Many basic results are now
personalized by his name, to mention a few:
Pachpatte's inequalities, Hilbert-Pachpatte type
inequalities, Pachpatte-Poincare inequalities,
Wendroft-Pachpatte inequalities, Pachpatte's
Analytic inequalities, Pachpatte Ou-Lang
inequalities etc.

2. LINEAR INTEGRAL INEQUALITY:
In 1973a, Pachpatte proved a very
useful generalization of following well known
Gronwall —Bellman inequality:
Theorem 1 : Let u and f be continuous and
nonnegative functions defined on ;= [o0.B] and
let ¢ be a nonnegative constant. Then the
inequality,

u(t) s c+ [ f(s)u(s)ds, t €. impliesthat

u(t) < cexp q; f(s)ds) teJ

Theorem 2: (Pachpatte's inequality) Let u, f°
and g be nonnegative continuous functions
defined on R, for which the inequality

u(t) < o +j’ f(s)u(s)ds+ju'f(s)([:g(c (o )ds )ds,z eR,

holds, where u, is a nonnegative constant. Then

u(t) < u{l + J.:f(s) exp[j [F(s)+ g(cs)]dc]ds},t €R:

0

The above generalized inequality is applied in
more general situations in which other available
inequalities do not apply directly. The
inequalities given by him in 1974a, 1975 b-d,
1977a are used to develop the theory of integral
and integro-differential equations of more
general type.

3.NONLINEAR INTEGRAL
INEQUALITIES :

In order to study the qualitative
properties of solutions of certain differential,
integral and integro-differential equations some
specific nonlinear integral inequalities play a
vital role. The following fundamental inequality
plays a vital role in the study of properties of
solutions of certain differential, integral and
integro-differential equations.

THEOREM 3: Let u, f'and g be nonnegative
continuous functions defined on R+, and c¢>o,
p>o and p#1are constants and suppose

s+ [ s+ [ 1(s) q:g(c)u"(c )do )is, teR,

<i>if o<p<I1 and Eo(t) is defined by
Eo)=1+(1-p)¢ [ g@)exp(~(1- p) [ f(@)do s,
then v =<[1+] s@ew ([ oo YEow)) ' a5 for t € R+
<ii>if 1<p<co, then

u(t)Sc|:l+J: f(s)e)qoq: f(0)do Iéo(s))’”(”") ds}, (*)

forze(o,a), where E "o(f) is defined by the right-
hand side of the definition of Eo(#) for 1<p<ow
and oa=sup{teR+:E o(f)>o0}. Moreover, if we
assume that £ o(f)>o for all te R, the inequality
(*)remains valid forall eR..

Pachpatte further generalized this inequality
in1976b,1977a,c,d and 1978b[1].

Moreover Bihari like integral

inequalities was established by himin 1974 d for
the study of certain classes of general and
integro-differential equations which is given
below in more general form.

THEOREM 3 : Let u and g be nonnegative
continuous functions defined on R,. Let H(u) be
a continuous nondecreasing function defined on
R.and H(u)>0 on (0,).
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If
u(t) <c+ I:g(s) u(s) + _[: g(c)H (u(cs ))dc )Js,

for te R+, where ¢ > 0 is a constant, then for 0 < ¢
<t,

u(t)<c+ j 2(s) G—I[G(c)+ j 2(c )dc}ds

where

G =

r ds
ro s+ H(s)’

r>0,ry>0,

and G is the inverse of G, and ¢,€R, is chosen
so that

G(c)+.[(:g(6 ydo € Dom G '),

forallzeR, lying in the interval 0<¢<1¢,.

The variants of above result are also obtained by
himin 1976¢.

Dragomir obtained the following
inequality in 1987a,b, which is the
generalization of well known Gronwall-
Bellman inequality to study important
properties of solution of certain differential
equations.

THEOREM 4 : Letu, a,b: [ =[a,f]—> R, be
continuous functions. Let L:I x R, — R.be a
continuous function such that

0<L(t,x)-L(t,y)<M(1,y)(x~y)

for teland x > y > 0, where M:IxR,—R, be
continuous function. If

u()<a(t)+b()[ Lis,u(s)ds for rel, then

u (t) <a (t)+ b (t )J; L(s,a(s))exp G:M (c,a(c))b(c)dc )is
for tel
Above inequality was generalized byPachpatte

popularly known as Pachpatte's Inequality— I
which is stated below:

THEOREM 5 : Let u, a and b be nonnegative
continuous functions defined on R.. Let F(u)
be a continuous strictly increasing convex and
submultiplicative function for u > 0,

lim F (u) = o0, F~! denotes the inverse function
of F, o(f), B(¢) be continuous and positive
functions defined on R+, al(¥)+p(7)=1, and L, M
be the functions defined as L:JxR, — R, be
continuous functions such that

0<L(t,x)-L(t,y)<M(t,y)(x=y)--(*)

for t € land x>y>0, where M:IxR,—R, be a
continuous function
satisfying the condition (*). If

u(t)<a(t)+b(r)F" G(:L(S,F(u (s)))ds)

forteR, ,then
u(t)<a(t)+ b(t)Ffl GO’ L(s,o(s)F (a (s)a! (s)))
xexp([(:M(c,on(cr)F(a(c Yo ! (c)))i (G)F(b(g)ﬁ’l (o ))dcr)ds)

forteR,

To study the qualitative properties of abstract
differential and integral equations and class of
partial differential equations some types of
inequalities have played a crucial role such as
Ou-Lang inequalities, generalized by him in
1995a, 1994a given as theorem 3.5.1, theorem
3.5.2, theorem 3.5.3, theorem 3.5.4, and
theorem 3.5.5 in [1] popularly known as
Pachpatte's Inequality- II. Pachpatte's
Inequality-II was also more generalized by him
in 1995 and popularly known as Pachpatte's
inequality —III. The more general result is given
below:

THEOREM 6 : Letu, f, g and 4 be nonnegative
continuous functions defined on R, and ¢ be a

positive constant.
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If

u? (z)s cz+2j‘i{f(s)ttz(s)+ g(s)u(s)[u(s)Jr jh(s Ju(o)do Hds,

forteR,, then
u(t)< c[exp [J f(s)ds] + j g(s)exp [I f(o)do ]

xepr[f(c)Jrg(G)—kh(c )]dc)ds],

forteRr,

The following comparison principle is
popularly known as Pachpatte's Inequality — IV
established by him in 1996a, 1996b [1] which is
needed in the study of the analysis of
differential, integral and integro-differential
inequalities.

THEOREM 7 : Let u be a nonnegative
continuous function defined on R+ and ¢ be a
nonnegative constant. Let w(z,7) be a
nonnegative continuous function defined for
teR+, 0<r<owo, and monotonic nondecreasing
withrespecttor for any fixed. If

u?(t)<c?+ 2I;u(s)w(s,u(s))ds,
for ser.
then w(¢)<r().teR,

where r(t) is the maximal solution of
r ’(t): w(t,r(1)), r(0) =c
For t e R+

In 1996a, Professor Pachpatte established
following integro-differential inequality:

THEOREM 8 : Let u,u' and a be nonnegative
continuous functions defined on 7 =[¢,,0],7, >0
with u(z,) =k, a constant and ¢ a nonnegative
constant. If

(u ’(t))2 <cty 2J.:“a(s)u (s)(u(s)+u'(s))ds,

for ¢t € I, then

u(t)S k +j[:[c+(k+c)jrz a@)exp (J.:n [l+a(c)]d0 )dt:lds,
forrer

Pachaptte's Inequality ¥V, the outcome of
generalization of Engler's inequality which is
the slight variant of Haraux inequality given in
theorem 3.8.2 [1] made by him in 1994d is
stated below :

THEOREM 9 : Leta:7 - Ry,u:I - R, are
continuous functions and #,>1 be a constant,
where 7=[0,7] and R,=[l,%) Letf{u)bea
continuous nondecreasing function defined on
R.and f(u)>0foru>0,1f

u(t) <wo+ jo’a(s)u(s) f (logu(s))ds

for t e[

thanfor 0<¢ <

u(t) < exp(F1 [F(log u0)+I;a(s)ds]j

where
rods

F(r):I ,

" f(s)

r>0,r,>0
F'istheinverse of Fand ¢,/ ischosen so that

Floguy) + [[ a(s)ds € Dom(F")

forallfel lyingininterval 0<¢<¢,.

4. MULTIDIMENSIONAL LINEAR
INTEGRALINEQUALITIES :

The dynamics of physical systems is
governed by various classes of nonlinear
hyperbolic partial differential equations.

To analyze the dynamical system
multidimensional differential, integral and
integro-differential inequalities play an
important role in the analysis of nonlinear
hyperbolic partial differential equations. In fact
he had generalized inequalities in 1995 such as
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Wendroff and Snow which are widly used in
various applications. These results are given
below:

4.1 Pachpatte-Wendroff Inequality :

Let u(x,y), p(x,y) and q(x,y) be
nonnegative continuous functions defined for

x,yeR+. Let k(x,,s,¢) and its partial derivatives
k(xy.s,0), k(x,ys,10), k. (x.s,t) be nonnegative
continuous functions for

0<s<x<00,0<t<y<o0 [f

u(x, y)< plx, )+ q(x,y)_[:joyk (x, .8, u(s,t)dsdt,

for x, y€ R, ,then
u(x,y)<px,p)+ q(x,y)(j;joyA(c ;1 )do de )

X EeXp G:J‘:B (G ,T )dc dt )

for x,y€ R,  where

A(x, )= ke, ,% ) p (6, 0)+ [ ke (6 2,8,0) p (5, ) ds

+Ly ky (x,p,5,0)p (x,0)dt +J‘:I:kxy (x,.5.t) p(s,t)dsdt,

B(x,)=k(x, ,%.)q (x,)+ [ ke (x. 3,5, 9)q (s, )ds

+J‘:: k (x,y,%,0)g(x,1)dt + J:Lj ke (x, ¥, 8,1)q (s,1)dsdt,

for x,ye R,

4.2 Pachpatte-Snow's Inequality :
THEOREM 11 : Suppose u(x.).a(x.y).0(x.y).c(x.y)
and o(x,y)are nonnegative continuous functions
on a domain D. Let Py(x,,y,)and P(x,y)be two
points in D such that (x—x,)(y—),)> 0 and let R be
the rectangular region whose opposite corners
are the points Pjand P. Let v(s,z;x,y) be the
solution of the characteristic initial value
problem

L[v]zvs,—[b(s,t)+c(s,t):|v=0
v(s,y)z v (x,t)z 1

and let D" be a connected subdomain of D which
contains P and on which v > 0. If R = D'and
u(x,y)satisfies,

u(r,y)<aCey) e [ o (s.0)u(s.t)dsds
I E0R ) [ f e@nuEn)dzdn | s,
than u(x,y) alsosatisfies
u(wy)<a(er)+] [ o(s.0fa (0o (.0
[ [aen)e@n)+bEn)(a@n)+o En))]
x v(&.m;s,0)dE dn [dsdt ....(A)

where the function v(s,#,x,y) involved in (A) is
the Riemann function relative to the point
P(x,y) for self-adjoint operator L.

The multidimensional nonlinear
integral inequalities are also established by
Pachpatte and his research students.

Note : Analytic inequalities and finite
difference inequalities have been developed by
him. See detailsin[2,3.,4,5,6].

5.FRACTIONAL INEQUALITIES :

We present here some of the well known
inequalities generalized by Professor Pachpatte
such as Hilbert-Pachpatte inequality, Hilbert-
Pachpatte type inequalities, which are further
generalized by Anasstassiou [8] to fractional
integral inequalities.

5.1 Hilbert-Pachpatte Integral Inequality :
THEOREM 12:

For je{l,...,n}, take x>0 and assume
ui e L (0,xi), g,-eLoo((O,x,-)z) s @€ Lo (0,x1)
with g; ®;>0, take ,, > 0
pi,qi>12i+i=1 )
Di qi

and ;> 0 suchthat 3, 0

i=1
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and a;,b; € [0,1] such that a;+b;i=1 .call
@i(si)= I: (gi (sit i)ja' +ha) g,

Suppose @i(si)>0 with the exception @i(0)=0.

If

i (si)] < J:i (gi(sit i))riq)i (vi)dr

Si € [0, xi],i=1,...,n , than

. X1 Xn ,ﬁ: |ui(‘vi1
11.:I0...I0 — TN TR
EINICIORES)

n xi L xi ) 1/pl
<11 Xl |:J‘(I)i G ,-)pl (J. gi(sit ,-)aﬂ l ds;] d‘n}
i=1 0 Ti
5.2 Hilbert-Pachpatte Type Inequality :

THEOREM 12 : Let vieLi(Q(x)), ®ie L-(0(x))
(DiZO’ Ci>—1’CiERd , i=L.,N

1
set U=

ST 6™

Let Ji={je{l,...d}-1<c <0}

it Ji ¢¢ , we take

_ max M
bz> ]E']l (C{(I_QZ)J
suppose |Vi(Sij < J: (Si —Ti)CiCD (Ti)dri

Vsi e Q(Xi) ’ i=1L..N. tan

. ﬁ |Vi(5i1 dsy...dsy
M::J.ov'l"jon( 1 iz’l': (cx‘+1)/ql.wl. jgv

Wisi
Qv o

) 1/P;
Oi (Si )pl dsi

The application of above result is given as
theorem 20.25 in [8].

5.3 Hilbert-Pachpatte Type Fractional
Integral Inequalities :

We present here very general weighted
univariate and multivariate Hilbert-Pachpatte
type integral inequalities involving Caputo and
Riemann — Liouville fractional derivatives and
fractional partial derivatives.

THEOREM 13 : Let i€ {l,...n} x>0,
viz20, vizy+1.

Let fcac” (o)) )m=[v]
such thatﬁ(kf)(o)ZO,k2 =0,1...,n;—1
and D:i fie Lo (O,xi)

11
Let Ppgi>li—+—=1> y;>0
P 4

i i

such that Zwl' —0,

i=1
and ai,bl- S [0,1]

such that ai+bi=1> than

/) J‘xl jx” ﬁl i(si )
1:= 0... 0 [1

ds, ..ds,

" g w
J— Z Wi ((P: (Si)l i

Q =l

)]E )y

p.
a(vi—yi-1)+1 1/7;
! +1l dti:|

Scﬂxl/qi Ul DYy ﬁ(tijpi (xl'—ti}
i= 0

where

. . 1
C'H(F(Vi—'}’i)(ai(Vi—'Yi—l)+l}/pi J
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THEOREM 14 : Let

7 [0, x]x[0,y]> R.x,y € R+ —{0}.
such that

f(',Sz)E AC"[0,x],Vs.€ [0, y]

Assume that

fe C(" n) ([O,x]x [O,y])

then
D;;:z f(51,52)= D:;;Slf(SbSZ)

for all

(s1.52)€[0,x]x[0, ]
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